Optimizing weak measurements to detect angular deviations W e analyze and compare the angular deviations for an optical beam reflected by and transmitted through a dielectric triangular prism. The analytic expressions derived for the angular deviations hold for arbitrary incidence angles. For incidence approaching the internal and external Brewster angles, the angular deviations transverse magnetic waves present the same behavior leading to the well-known giant Goos-Hänchen angular shift. For incidence near the critical angle a new region of large shift is seen both for transverse magnetic and transverse electric waves. While a direct measuring procedure is better in the vicinity of the Brewster region, a weak measurement breaks off the giant Goos-Hänchen effect, preserving the amplification in the critical region. We discuss under which conditions it is possible to optimize the amplification and we also determine when a weak measurement is preferred to a direct measuring procedure.
I. Introduction I. Introduction
It is well known that finite angular distributions of optical beams introduce corrections to the path of light predicted by geometrical optics [1, 2] . For instance, lateral and transverse displacements of laser beams, when totally reflected by an internal face of an optical prism, are explained by the GoosHänchen [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and the Imbert-Fedorov [13] [14] [15] [16] [17] effects, respectively. The breaking of symmetry of the optical beam induces angular deviations [18-23, 25, 26] . The Fresnel filtering [27, 29] can be interpreted as a manifestation of such deviations. In the critical region, as it has been shown recently [30] [31] [32] , angular deviations mix with the lateral displacement leading to a composite shift [33] . The Fresnel filtering phenomenon owns its name to the role the Fresnel coefficients play in the reflection of an optical beam by an air/dielectric or dielectric/air interface. When a plane wave hits the interface between two dielectric media, part of it is reflected with the same angle of incidence and part is refracted according to the Snell law. The amount of light reflected by and transmitted through the second medium is determined by the Fresnel coefficients. A plane wave has a well defined wave vector and, consequently, it has a unique direction of incidence. This is not the case for an incident Gaussian beam with a finite angular distribution centred around the incidence angle θ 0 ,
where k = 2 π/λ, λ is the beam wavelength, and w 0 is the beam waist. The finite angular distribution generates a range of incoming wave vectors. If, for every angle in the angular distribution, the Fresnel coefficients contribute with the same weight, there is no preferred transmission of one angle over the others and the geometrical laws still hold. If, however, the coefficients differ from angle to angle, this difference will filter the beam, breaking its symmetry. Angular deviations from geometrical optics predictions are the net result of this filtering process and have also been confirmed by several optical experiments [25, 26, 29] . In the interval in which, for a given incident angle θ 0 , the angular distribution of a Gaussian laser beam, Eq. (1), is significant,
the Fresnel coefficients are, almost everywhere, a very smooth function of the incidence angle, the plane wave limit holds, and the angular deviations are very small, being proportional to 1/(k w 0 ) 2 . Nevertheless, for incidence near the Brewster angles, the Fresnel coefficients of Transverse Magnetic (TM) waves break the symmetry of the angular distribution, increasing the angular deviation, making it proportional to 1/k w 0 , generating what is known in the literature as giant Goos-Hänchen effect [35] . This is caused by the change of sign in the TM Fresnel coefficients when the incidence angle is the Brewster angle. Since Transverse Electric (TE) waves have positive Fresnel coefficients for every incidence angle, this effect is not present for such waves.
Something similar can be observed near the critical angle. In this region the Fresnel reflection coefficient becomes complex and its absolute value changes abruptly, generating a noticeable break in the beam's symmetry.
Angular deviations have been studied for a long time now. In 1973 Ra et al. [18] identified the phenomenon by a direct analysis of the integrated reflected beam expression for the case of internal reflections. In their work they recognize the critical angle as a threshold between lateral and angular shifts but do not find the deviation expression at it nor do they analyze the Brewster angle. One year later Antar and Boerner [19] , studying a similar system, found an expression for the angular deviation at the Brewster angle. They express the reflected beam as a summation of reflected beam modes where the fundamental mode is a Gaussian beam. At the Brewster angle this fundamental mode is absent, being then the angular deviation due to higher order modes. They also identified a change in the sign of the angular shift relatively to the direction predicted by geometrical optics as the incident angle moves from a value smaller than the Brewster angle to a value greater than it. In 1977, White et al. [20] gave a more physical interpretation of the phenomenon, in contrast to the more mathematical approaches of the earlier studies. They introduced the interpretation of the angular shift as the result of a change in the power distribution of the plane wave components of the beam. Studying the reflection of a light beam coming from a denser medium into a rarer one, they approximated the propagation direction of the reflected beam as the propagation direction of the plane wave which, in the far field, had the biggest contribution to the power of the reflected spectrum. By doing so, they found a double value for the angular deviation at the Brewster angle because, contrary to the method of Antar and Boerner, which considers the shift of the whole double peaked object (so the angular deviation is the mean deviation), White et al. considered the angular shift of each peak individually, recognizing that these shifts were slightly different because the Fresnel reflection coefficient is not symmetric around the Brewster angle. In 1985, Chan and Tamir [21] analyzed the problem of the angular shift at and around the Brewster angle also by a direct analysis of the integrated reflected beam expression. In their paper they argue that the double peak structure is so distorted in relation to the incident Gaussian that the concept of angular shifts is meaningless. This distortion effect at the Brewster angle have been more carefully studied more recently by Aiello et al. [24] . One year later, in 1986, Tamir and Chan, in a remarkable review of all beam phenomena occurring near critical incidence [22] , they reproduced Ra et al. formula and also calculated the deviation value for incidence exactly at the critical angle. In 2009, Aiello and Woerdman [23] revisited the angular deviations near the Brewster angle for an air/glass interface, calculating the beam shift as the mean distance between the beam center and the axis of propagation predicted by geometrical optics. Parallel to these developments, known as the angular Goos-Hänchen shift, the microcavity community studied an angular deviation of their own, mostly associated to transmission instead of reflection, known as Fresnel filtering. This term and this field of research was inaugurated by Tureci and Stone in 2002 [27] . In their paper the authors point out that critical incidence on a dielectric/air interface does not lead to a transmission tangent to the boundary, instead, very large deviations from this expectation occur. Such deviations have been a matter of interest in the microcavities community as can be seen in [28] . Tureci and Stone presented an explanation for this effect similar to the one given by White et al., being the similarity of the phenomena confirmed theoretically in 2013 by Götte et al. [34] . It is curious that, while experimental results in microcavities [29] prompted the theoretical study of Tureci and Stone, more than thirty years passed between the theoretical prediction of the angular Goos-Hänchen shift and its experimental confirmation. Due to its minute nature it was firstly observed in 2006 in the microwave domain, by Müller et al. [25] , being measured in the optical domain three years later by Merano et al. [26] .
The small magnitude of the angular Goos-Hänchen shift suggests the employment of amplification techniques in its detection. In 1988, Aharonov, Albert, and Vaidman (AAV) presented their seminal paper on the amplification technique they called weak measurement (WM) [36] . Their work was developed in a quantum mechanical framework and was based on a weak interaction between a system and a meter, that is, another system used to measure some property of the first one. Their idea was that by a careful choice of final states a weak interaction between system and meter could provide a trade off between the probability of obtaining the state and the eigenvalue it would return. By paying the price of a very low probability event, the measured value associated to it (in their original work they discuss spin measurements) could be greatly increased. The details of their set-up are beyond the scope of our paper, but the interested reader can refer to the excellent review of the subject provided in ref. [37] . In 1989, Duck and Stevenson published a paper addressing a few formal inconsistencies of AAV's manuscript, but acknowledging their results [38] . In the same paper they also presented an optical analogue of the weak measurement. In this classical perspective the trade off is between the intensity of a light beam and an induced deviation of its path. Both quantum and optical weak measurements have been successfully employed in amplifying small signal phenomena. The optical case is a well established tool, particularly in Goos-Hänchen shifts measurements [39] , but it has also been used for angular deviations, especially for air/dielectric reflections [40, 41] .
The purpose of this work is to consider how efficient this technique is in comparison to a direct measurement. To do so, we consider a Gaussian laser beam interacting with a dielectric right angle triangular prism of refractive index n as depicted in Fig. 1.(a) . This optical system has the advantage of allowing us to, with a single set-up, study several regions of interest. When the beam hits the left face of the prism part of it is reflected and part transmitted. The reflected beam (REF) reproduces the case commonly studied in angular deviation weak measurements, with the possibility to study the external Brewster angles. The transmitted beam will propagate until it hits the lower interface, being then, once again, divided in a transmitted and a reflected beam. The beam transmitted through the lower interface (LTRA) allows the study of the critical angle while for the beam reflected (and then finally transmitted through the right interface, which we call an upper transmission (UTRA)) one internal Brewster angle and the critical angle are available. This upper transmitted beam provides a good region for comparisons between Brewster and critical angular shifts and is in fact the region we are most interested in. To help in our description of this system five coordinate systems are employed, see Fig. 1(b) . The left coordinate system, y − z, has the z−axis perpendicular to the left face of the prism and the y−axis parallel to it. The lower coordinate system, y * − z * , has the z * −axis perpendicular to the lower interface of the prism and the y * −axis parallel to it. These are the prism coordinate systems. The other three are beam coordinate systems. They follow the propagation direction predicted by the geometrical optics for the reflected, y REF − z REF , the lower transmitted, y LTRA − z LTRA , and the upper transmitted, y UTRA − z UTRA beams. Their propagation direction is parallel to their respective z−axes, while the y−axes are the transversal axes.
The paper is structured as follows. In section II we discuss the external and internal Brewster regions and the critical region as well. These regions are the range of incidence angles around the Brewster and critical angles which have the beam's structure modified by the proximity to these particular values.
The regions' frontiers are determined by waist the of the beam. Section III is devoted to the calculation of the electric field amplitudes of the incident beam and of all beams resultant from its interaction with the prism and of their associated powers. The incidence angle θ 0 will be considered the independent variable for all cases, since it is the variable the experimentalist has actual control over. In section IV, by a calculation of the mean optical path, analytic formulas are given for the angular deviations taking place at all faces of the prism and approximations are given for incidence in the proximity of the Brewster and critical angles. We show that the external and internal Brewster regions provide the same angular deviation as each other, which is independent of the refractive index of the dielectric, while for incidence close to the critical region, the angular shift is refractive index dependent. We also compare in this section the angular shifts in the Brewster region to the ones in the critical region, the two regions with the largest values for this sort of shift. In section V we present the weak measurement experimental set-up. Our results show that while the weak measurement technique is very powerful near the critical region its amplification efficiency is greatly diminished near the Brewster region. We discuss how to optimize this amplification. Conclusions are drawn in the final section.
II. The Brewster and critical angles II. The Brewster and critical angles
For external reflections, the reflection at the left side of the prism, see Fig.1(a) , it is possible to divide the range of incident angles into five subregions, established around the two Brewster angles existent for this sort of reflection,
are the Brewster angles, given by
and whose derivation will be discussed in the next section. For incidence angles in the region I, III, and V the Gaussian angular distribution for the reflected TM waves does not meet the Brewster region and its shape is not drastically changed as it happens for incidence in the region II and IV where the giant Goos-Hänchen effect takes place. The reader interested in a more detailed discussion is recommended to look over the very interesting paper cited in ref. [21] . The reflection at the down dielectric/air interface, Fig.1.(a) , creates, in addition to the internal Brewster region, a new breaking of symmetry region near the critical angle. In terms of the internal reflection angle ϕ 0 , we find the following five subregions:
where the internal Brewster angle is given by
and the critical angle by
By using the geometry of the system, ϕ 0 = ψ 0 + π/4, and the Snell law, sin θ 0 = n sin ψ 0 , see Fig. 1(a) , we can divide the incidence region for internal reflection in the following subregions,
We take the liberty to introduce these critical and internal Brewster incidence angles for two reasons. The first one is to differentiate them from the standard Brewster angles, used in describing external reflection, and the second is because these are the angles directly accessible for experimentalists in the laboratory. It is important to observe that, differently from the external reflection case, the internal Brewster angle, as well the critical angle, depend on the geometrical characteristics of the optical prism. The angles given in Eq. (5) refer to a right angle triangular prism whose planar section is represented in Fig. 1 .
(a)
The importance to study the internal reflection is clearly seen by observing that we have the possibility not only to reproduce the giant Goos-Hänchen effect as in the external reflection case but also to study, in proximity of the critical angle, a new amplification region.
For transmissions through the lower dielectric/air interface of the prism the range of incidence angles can be divided into two subregions around the critical angle. In terms of the internal incidence angle we have that
where
By using the geometry of the system, see Fig. 1 (a), these regions can be expressed for an incidence angle θ 0 at the left face of the prism,
Region I is a well defined angular deviation region. In region II part of the beam incident upon the lower interface is already undergoing total internal reflection and so the transmitted beam begins to become an evanescent field. Such fields are out of the scope of our paper and shall not be considered.
III. Incident, reflected, and transmitted beams III. Incident, reflected, and transmitted beams As incident beam, let us consider a free Gaussian laser modelled by the angular distribution given in Eq. (1). The incidence angle θ 0 is the angle that the beam forms with the normal to the left (air/dielectric) interface, the z−axis in Fig. 1(b) . The amplitude of the incident (INC) electric field is expressed by
In the paraxial approximation, λ w 0 , we can expand the spatial phase up to the second order around the incidence angle θ 0 , obtaining
Using this second order expansion and the incident axes, see Fig. 1 (b),
we can rewrite the amplitude of the incident beam as follows
The previous expression represents a Gaussian beam with its minimal beam waist at the point in which the beam touches the left (air/dielectric) interface, see Fig.1 (a). This has its mathematical counterpart in choosing the origin of our axes in such a point, see Fig. 1 . The incident power is given by
Using the relation
where δ(θ −θ) is the Dirac delta function, we obtain for Eq. (9)
III.a. The reflected beam III.a. The reflected beam
The beam reflected (REF) at the left interface of the prism has its angular spectrum modified by the reflection coefficient of the interface,
being ψ given by the Snell law, sin θ = n sin ψ. As done for the incident beam, we develop the spatial phase up to the second order around θ 0 ,
and using the reflected axes, see Fig. 1 (b),
we obtain for the reflected beam the following expression
The reflected power calculation is similar to the one performed in Eq. (11), with the difference that the Gaussian function is multiplied by the reflection coefficient
Expanding R
up to first order we can integrate the equation above, obtaining the normalized reflected power as
Notice that, for n cos θ 0 = cos ψ 0 , R
This happens for the Brewster angles in Eq. (2),
which are, for this reason, also called polarization angles. For a BK7 (n = 1.515) prism, they are ±56.573 • . The normalized reflected power for TE and TM polarized beams as a function of the incidence angle θ 0 is plotted in Fig.2(a) .
III.b. The upper transmitted beam III.b. The upper transmitted beam
The upper transmission (UTRA), which follows an internal reflection, will have the angular spectrum of beam modified by the transmission coefficients of the left and right interfaces and by the reflection coefficient of the lower interface as well,
are the product of the transmission coefficients and
the reflection coefficients of the lower interface. The choice to put the origin of our axes at the point in which the beam touches the left (air/dielectric) interface, which implies a minimal beam waist for the incident and reflected beam at the proximity of the left interface, requires to use in addition to the standard Fresnel coefficients for the transmission through the left (air/dielectric) and right (dielectric/air) interfaces and for the reflection at the down (dielectric/air) interface, the geometrical
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phase [42] ,
where a is the distance between the origin of the axes and the left down corner of the triangular planar section of the prism and b is the value of the shortest sides of the planar section, see Fig. 1(a) . Expanding the spatial phase up to the second order around the incidence angle,
and using the upper transmitted axes, see Fig. 1(b) ,
we obtain
Expanding, as done for the spatial phase, the geometrical phase up to the second order around θ 0 , we can further simplify the expression of the transmitted beam
The first derivative of the geometrical phase calculated at θ 0 and divided by k,
gives the exit point of the beam along the y LTRA axis. The use of the stationary phase method to obtain the beam shift represents an alternative way, with respect to the one based on the Snell law, to calculate the geometrical path of the optical beam [42] . While the first derivative reproduces the optical path predicted by geometrical optics, it is interesting to observe that the second derivative acts as a beam profile modifier. This was theoretically suggested in ref. [43] and recently experimentally confirmed [44] . The geometrical shift of the transmitted beam has the effect of centering it around y LGEO and, as the beam profile modification does not interfere in the calculation of the mean value of the transversal component, the second phase derivative does not affect the calculation of the angular deviations.
Following the procedure done for the normalized reflected power the normalized upper transmitted power is given by
For the TE and TM transmitted beam, we find total internal reflection for incidence greater than the Σ δ Λ Annalen der Physik Annalen der Physik 529, 1600357-20 (2017).
critical one
For a BK7 prism, this incidence angle is θ cri = −5.603 o , see Fig. 2(b) . For the TM beam, we also find a Brewster angle at n sin ϕ B(int) = cos ϕ B(int) which implies
For a BK7 prism, the Brewster angle for internal reflection is found at θ B(int) = −17.693 o , see Fig. 2(b) .
The relative upper transmitted power for TE and TM polarization is plotted against the incidence angle θ 0 in Fig.2(b) .
III.c. The lower transmitted beam III.c. The lower transmitted beam
The beam transmitted through the lower interface (LTRA) will have its Gaussian profile modified by two Fresnel coefficients, the transmission coefficients of the left and the lower interfaces,
are the transmission coefficients of the left interface and
are the lower transmission coefficients. φ is the transmission angle, see Fig 1(a) , obtained from n sin ϕ = sin φ. Φ LGEO (θ) is the geometrical phase of the lower transmitted beam. It is given by
Here, we can once again expand the beam's spatial phase up to second order and then write it in the lower transmission coordinate system, but the expansion will be different than the one carried out for the reflected and transmitted beams because it is a function of θ through φ. It will be
is the first order derivative of φ, with respect to θ, evaluated at θ 0 , and φ 0 is the second order derivative. Using the lower transmitted axis, see Fig.1(b) ,
we obtain the electric field of the beam transmitted through the lower interface as
Notice that we have not considered in the spatial phase expansion the φ 0 term. This is justified because φ 0 ∼ φ 0 and z LTRA y LTRA , meaning that measurements are carried out at a distance far greater than the beam's width and so we can neglect the term containing this second order derivative. Expanding now, as done for the spatial phase, the lower geometrical phase up to the second order around θ 0 , we can simplify the expression of the transmitted beam to
The first derivative of the geometrical phase calculated at θ 0 and divided by k is
The normalized lower transmitted power, following what was done for the reflected power is
Notice that for the lower transmitted power, the integral in Eq. (10) will have a factor φ 0 multiplying y LTRA and so the Dirac delta will have a factor 1/φ 0 multiplying it. This justifies this factor in Eq. (38) . It is interesting to note that lower transmitted power is proportional to cos φ 0 , see Eq.(33), and so it goes to zero as the incident angle approaches θ cri . The normalized transmitted power is plotted for TE and TM polarization against the incidence angle θ 0 in Fig.2(c) .
IV. Analytical expressions for the angular deviations IV. Analytical expressions for the angular deviations
The decisive steps in obtaining an analytic expression for the angular deviations are the use of the mean value calculation of the transversal component and the observation that the spatial integration can be converted into an angular integration. Here, the symmetry of the angular distribution plays a fundamental role. For a free Gaussian beam, same as the one propagating from the source to the dielectric block, we have to calculate Σ δ Λ Annalen der Physik Annalen der Physik 529, 1600357-20 (2017).
By using Eq. (10) and
and applying an integration by parts, the spatial integration can be transformed into its angular counterpart,
In the paraxial approximation, kw 0 1, the angular distribution is strictly peaked around the incidence angle θ 0 and, without loss of generality, for incidence between −π/2 + λ/w 0 and π/2 − λ/w 0 , the limits of integration can be extended to ± ∞. The symmetry of the Gaussian angular distribution implies a null value for the integral which appears in the numerator and, consequently, the beam propagates along the z INC axis, i.e. y INC = 0.
IV.a. Reflected beam IV.a. Reflected beam
Repeating for the external reflected beam the steps carried out for the incident one, we find
In order to obtain an analytic solution, we can develop the reflection coefficient up to the second order around the incidence angle θ 0 to obtain
Due to the symmetric nature of g(θ − θ 0 ), in the numerator of Eq.(41), the only contribution comes from the first order term expansion while in the denominator the contributions come from the zeroth and second order terms. In the second order term, due to the fact that the denominator of the first addend goes to zero more rapidly than the denominator of the second one, we can neglect it. Finally, without loss of generality, we can use the following approximation Σ δ Λ Annalen der Physik Annalen der Physik 529, 1600357-20 (2017).
This expansion and the identity
allow us to analytically solve the integrals appearing in Eq.(41). The angular deviations for the reflected beam are then given by y
For incidence at the Brewster angles, observing that
It is interesting to calculate the angular deviations for TM waves for incidence in the close vicinity of the Brewster angle. A way to analyze the Fresnel coefficients behavior in the Brewster region consists in introducing a new parameter δ in the incidence angle,
Observing that
we have
As a result of the previous calculation, we find that the angular deviations in the proximity of the Brewster angles do not depend on the refractive index. A simple δ derivation also shows that the maximal angular deviations are found at δ = ± 1. For incidence in the Brewster region, we have for TM waves a k w 0 relative factor of the angular deviation with respect to the TE case. This is responsible for what is known in the literature as the giant Goos-Hänchen angular shift [35] . Analytic expression similar to Eq. (44) have recently been obtained for an air/glass plane interface by A. Aiello and Woerdman in the paper of ref. [23] . In that paper, the authors calculated in an alternative way both the Goos-Hänchen and Imbert-Federov spatial and angular shifts. For the Goos-Hänchen angular deviations, they observed, in the Brewster region, the same behaviour plotted in Fig. 3(a) .
IV.b. The upper transmitted beam IV.b. The upper transmitted beam
Obviously, the considerations done in the previous subsection can be immediately repeated for and extended to the beam transmitted, after internal reflection, through the right side of the prism, leading to y
Note that T 
A more accurate study for the TM waves in the Brewster region can be carried out by introducing the parameter δ in the incident angle,
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we find the same result obtained for the reflected beam, i.e.
Interesting is the curve given in Fig. 4(a) , where for a BK7 prism (n = 1.515) and an incident Gaussian beam with λ = 0.633 µm and w 0 = 1 mm, we show the angular deviations for TM waves in the case of incidence in the internal Brewster region. For example, for incidence at θ B(int) ± 1 / k w 0 (incidence for which we find the maximal angular deviation for TM waves) , we have
The relative factor of k w 0 /4 ≈ 2.5 × 10 3 leads to the giant GH angular shift. Before discussing what happens in the critical region, let us call the reader's attention to the curves plotted in Fig. 5 (a-e) where the transmitted angular distribution is depicted for different incidence angles. Approaching the Brewster angle, the angular profile is strongly distorted by the presence of a secondary peak. Consequently, the concept of angular shift is obscured [21] . For incidence at θ B(int) ± λ/w 0 (δ = ± 2 π), we are still in the presence of a single peak, for the negative δ case, see Fig. 4(a) , and the concept of angular deviations can be correctly used. For this incidence angle, we find the reduction factor of
, approximately 0.31, still preserving the giant Goos-Hänchen value. In Fig. 3(a) , the region around the Brewster angle,
where the interpretation of angular deviation is obscured by the presence of an additional peak, is indicated by using a different background color. For incidence in the critical region,
In this case, the amplification of the angular deviations is proportional to √ k w 0 and depends on the value of the refractive index,
In Fig. 3(b) , for a BK7 prism and an incident Gaussian beam with λ = 0.633 µm and w 0 = 1 mm, we Σ δ Λ Annalen der Physik Annalen der Physik 529, 1600357-20 (2017).
show the angular deviations for TM waves. Same as for the Brewster region, in the critical region for incidence greater that θ cri − λ/w 0 the concept of angular deviations is also obscured. Indeed, the internal reflection coefficient becomes imaginary, see Fig. 5(f-j) , and the interference between the real and complex part has to be considered. In this case, numerical calculations are required [31, 32] and a mixed effect (composite GH shift) is observed [33] . For incidence at θ cri − λ/w 0 , the angular distribution is still real, see Fig.4 (f), and angular deviations are the only contribution to the optical beam's shift. This incidence angle also gives the maximal angular deviation in the critical region. A summary of the results presented in this section can be given by calculating, for TE and TM waves, the angular deviations at the borders of region III,
which is the region where the concept of angular deviations is not obscured by additional peaks or complex angular distributions and still contains a noticeable increase of the angular deviations. For a BK7 prism and an incident Gaussian beam with λ = 0.633 µm and w 0 = 1 mm, we find, for incidence at θ B(int) + λ / w 0 ,
and, using f (1.515) ≈ 3/ √ 2, for incidence at θ cri − λ / w 0 ,
This clearly shows that the local maximum near the critical region is greater than the local maximum near the Brewster region, for both TE and TM waves and. The angular deviations for intermediate angles are given in Table 1 .
Before concluding this section, we observe that the angular deviations of the transmitted beam are generated by the angular deviations of the beam reflected at the lower (dielectric/air) interface. To link these angular deviations, let us consider the refracted beam at the left (air/dielectrice) interface. It forms an angle ϕ 0 = ψ 0 +π/4 with the normal to the lower interface, see Fig. 1 . The beam reflected at the this interface, deflected by the angular deviations discussed in this section, forms an angle ϕ 0 = ϕ 0 +δϕ with the normal to the lower interface. The reflected beam, reaching the right (dielectric/air) interface, forms and angle ψ 0 = ψ 0 + δϕ with the normal to this interface. Finally, the angle, θ 0 = θ 0 + δθ, that the transmitted beam forms with the normal at the right interface is calculated by the Snell law, sin θ 0 = n sin ψ 0 . After simple algebraic manipulations, we finally find that the angular deviations induced on the transmitted beam by the reflected one are given by δθ = n cos ψ 0 δϕ/ cos θ 0 .
IV.c. Lower transmitted beam IV.c. Lower transmitted beam
Following the same procedure as done for the reflected beam we calculate the angular deviation of the lower transmitted beam as
where and 
In the vicinity of the critical angle, considering an incident angle of θ 0 = θ cri − |δ|/kw 0 , the angular deviations are given by
At the threshold of the critical region, that is, for δ = 2π, we have the maximal angular deviation before an appreciable part of the beam enters the total internal reflection regime. By using √ 1.515
V. Amplification by optical weak measurements V. Amplification by optical weak measurements
Up to this point, by presenting a direct measurement of angular deviations, we have limited ourselves to the strict classic approach of the problem. The results presented in the previous section show that, for incidence close to the critical angle, a new amplification region is present. This amplification is of the order of √ k w 0 . Nevertheless, it is lower than the standard Brewster amplification which is of the order of k w 0 . For a measuring procedure based on the weak measurement technique, this situation drastically changes leading to what we call the breaking off of the giant Goos-Hänchen angular shift. For the critical region, the weak measurement power amplification still works and for appropriate choices of the weak measurement parameters it is possible to optimize such an amplification reverting the results of the direct measurement.
Let us now consider a weak measurement set-up as the one represented in Fig. 6(a) . We start with a brief description of this measuring procedure. Before reaching the dielectric prism the laser passes through a first polarizer with angle π/4. This creates an equal mixture of TE and TM waves. Then, after interacting with the dielectric, the outgoing beam passes through a second polarizer with an angle β and is finally detected by the camera. The intensity measured at the camera is thus given by
. By introducing the dimensionless quantities
and
we can rewrite the intensity as follows
Let us now set the second polarizer to β = − arctan[ τ (θ 0 ) ] + ∆ , with |∆ | 1. This choice implies
Using the previous result and observing that ∆α UTRA (θ 0 ) 1, we can further simplify the transmitted intensity,
This transmitted beam profile is characterized by two peaks located at
If |∆ | A(θ 0 ) ∆α(θ 0 ) Z (we come back to the implications of this constraint later), we can approximate the square root by
For a positive rotation of the second polarizer, ∆ = |∆ |, using the previous approximation we find
This shows that for a positive rotation the main peak is found at Y + max (|∆ |). By repeating the measurement for a negative rotation, ∆ = − |∆ |, we find
In this case, the main peak is found at Y − max (− |∆ |). The difference between these peaks,
is what is detected in a weak measurement experiment. With respect to a direct measuring procedure, ∆α UTRA (θ 0 ), the weak measurement angular deviations, ∆α WM UTRA (θ 0 ), contain the amplification factor 1 / |∆ |. For incidence approaching the critical angle, A cri (θ 0 ) ≈ 1, this amplification represents the effective amplification of the angular deviations. So, in the critical region, we have
In the Brewster region, the factor A B(int) (θ 0 ) is proportional to 1/ k w 0 and, consequently, creates an anti-giant effect compensating the amplification of the direct measurement,
The rotation for which a weak measurement changes the amplification power in the Brewster and critical regions is given by |∆ | = 1/ √ k w 0 . For a laser with wavelength λ = 0.633 µm and w 0 = 1 mm, such a rotation corresponds to an angle of 0.575 0 .
Let us now come back to the constraint
and calculate the minimal value of the second polarizer rotation which can be used in the weak measurement analysis. To set a common value of the rotation angle in region III, θ B(int) + λ/w 0 < θ 0 < θ cri − λ/w 0 , we observe that the main restriction comes from the critical region where A(θ 0 ) ≈ 1 and the angular deviations are proportional to (k w 0 ) − 3/2 . Consequently, we have
For a beam with w 0 = 1 mm, λ = 0.633 µm and a camera positioned at z UTRA = 25 cm, we have
Observing that k w 0 ≈ 10 4 , we obtain the following constraint
In zoom to the internal Brewster and critical region. In (c) the breaking off of weak measurements is clear. Approaching the critical region, inset (d), the WM amplification is evident. At the borders of region III, the comparison between a direct measurement of angular deviations and its weak measurement counterpart for |∆ | = 0. at θ cri − λ / w 0 clearly shows the amplification power of the weak measurement technique. For intermediate angles, the comparison between direct and weak measuring procedures is given in Table  1 .
VI. Conclusions VI. Conclusions
The beam shifts field has been a matter of great interest and widely studied. Still, its richness allow for new developments and new perspectives on earlier research. In the present work we have revisited the topic of angular deviations for a Gaussian beam interacting with a dielectric triangular prism with a focus on the weak measurements and an analysis of its efficiency in different regions of incidence angles. For incidence close to the internal Brewster angle we reproduce the same results of the external reflection but, in addition to the deviation peak of the Brewster region, we find a new region of large angular deviation phenomenon for incidence close the critical angle. The analytic description given in section III shows that in the Brewster region the amplification of the angular deviations is of the order of k w 0 , leading to the giant Goss-Hänchen angular shift, and in the critical region the amplification is of the order of √ k w 0 what we can nickname a √ giant Goos-Hänchen effect. In the critical region, polarization also acts as a scale factor. A TM-polarized beam is more effectively deviated (factor n 2 ) than a TE-polarized beam. The structure of the beam is also relevant because the wider its angular distribution is the more susceptible it will be to the drastic angular variation imposed by the transmission coefficient and, consequently, the more intense will be its deviation from the geometrical predictions. As we narrow the angular distribution, forcing the beam into the plane wave limit, the angular deviations start to fade. Angular deviations are neither found as we move to the right of the critical angle because, in the total internal reflection regime, the transmission coefficient becomes constant in modulus, thus preserving the beam's symmetry. Since an incidence at the critical angle would produce the most asymmetric beam, it would be expected to be the incidence of maximal deviation. However, for incidence at the critical angle the angular distribution, the part with θ > θ cri becomes complex and a new effect appears mixing the angular deviations with the Goos-Hänchen lateral shift, generating the so-called composite Goos-Hänchen effect [33] . The analytical results presented in this paper refer to the case of a real angular distribution, this means incidence in the region
For a direct measurement of angular deviations the Brewster region is preferred with respect to the critical one. Observing that, the shift caused on the beam by the angular deviations in the Brewster region is proportional to z/k w 0 while the one in the critical region is proportional to z/(k w 0 ) 3/2 , to quantify the efficiency of a direct measurement, we can introduce as a quantifier the ratio between two beam parameters, the shift of the peak at z and its width w(z),
For example, for the beam considered in this paper at z = 25 cm, we find
For a weak measurement, this efficiency factor is given by the dimensionless quantity ∆Y max ,
For a second polarizer rotation of |∆ | = 1/ √ k w 0 , we invert the efficiency obtained by a direct measurement and for
we improve the angular deviations amplification of a direct measuring procedure. The constraints on ∆ immediately suggest that for a fixed z, the larger the beam width is, the larger the interval of angles becomes. For the beam considered in this paper and the camera positioned at z = 25 cm, the |∆ | constraint becomes
and fixing the rotation of the second polarizer at |∆ | = 0.1 • , in the critical region, we gain, with respect to a direct measurement, an amplification factor of 1800/π. In the Brewster region, we have an anti-amplification effect proportional to 0.18/π,
which we call the weak measurement breaking off of the giant GH angular shift. Finally, we would like to emphasize reason for the system of our choice. Weak measurements of angular deviations have been mostly performed for external reflections [40, 41] but internal reflections also provide an interesting set-up. It allows us to compare the technique's performance in two different regions where two different symmetry breaking process take place. This is an advantage in relation to external reflections, where only the Brewster region is available, because it tests the relative efficiency of the weak measurement, revealing it is not equally efficient in measurements carried out in the incidence region between the internal Brewster and the critical regions.
We conclude our paper by observing that the weak measurement surely represents one of the most efficient methods to amplify deviations from the geometrical optics. We hope that the analytical expression given for the angular deviations, the new amplification region found in the proximity of the critical incidence, and the detailed analysis of the weak measuring procedure will be useful to stimulate further theoretical studies, as well as to realize new weak measurement experimental investigations. 
